Abstract. Let G be a connected simply-connected reductive algebraic group. In this article, we consider the normal algebraic varieties equipped with a horospherical G-action such that the quotient of a G-stable open subset is a curve. Let X be such a G-variety. Using the combinatorial description of Timashev, we describe the class group of X by generators and relations and we give a representative of the canonical class. Moreover, we obtain a smoothness criterion for X and a criterion to determine whether the singularities of X are rational or log-terminal respectively.
Introduction
The varieties and the algebraic groups that we consider are defined over an algebraically closed field k of characteristic zero. Let G be a connected simplyconnected reductive algebraic group and let B ⊂ G be a Borel subgroup. The aim of this article is to describe certain geometric properties of a family of G-varieties: the normal horospherical G-varieties of complexity one. Among other results, we obtain explicit criteria to characterize the singularities of these varieties, we describe their class group by generators and relations, and we give an explicit representative of their canonical class.
Recall that the complexity of a G-variety X is the transcendence degree of the field extension k(X) B over k, where k(X) B denotes the field of B-invariant rational functions on X; see [LV83, Vin86] . Since all the Borel subgroups of G are conjugated, this notion does not depend on the choice of B. Geometrically, the complexity is the codimension of a general B-orbit. For instance, the G-varieties of complexity zero contain an open B-orbit. Those which are normal are called spherical varieties; see [Kno91, Pez10, Hur11, Tim11, Per14] for more information.
The study of the G-varieties of complexity one is the next step (after the spherical case) towards the classification of normal G-varieties. Many important examples of G-varieties of complexity one motivate this study:
• The normal T -varieties of complexity one, where T is a torus; see [KKMS73, Tim08] for a combinatorial description, [Lan14] for a generalization over an arbitrary field, [FZ03] for the case of surfaces, and [AH06, AHS08, AIPSV12] for higher complexity.
• The homogeneous spaces G/H of complexity one, where H is a connected reductive closed subgroup, are described in [Pan92, AC04] .
• The embeddings of SL 2 /K into normal SL 2 -varieties, where K is a finite subgroup, are studied in [Pop73] , [LV83, §9] , [Mos90] , and [Mos92] . More generally, see [Tim11, §16.5] for a classification of the embeddings of G/K where G is a semisimple group of rank 1 and K ⊂ G is a finite subgroup.
• An example from classical geometry: Let T ⊂ SL 3 be the subgroup of diagonal matrices. The homogeneous space SL 3 /T can be identified with the set of ordered triangles on P 2 . The embeddings of SL 3 /T are studied in [War82] and [Tim11, 16.5] .
A combinatorial description of normal G-varieties of complexity one is obtained in [Tim97] . This description is inspired by the Luna-Vust theory of embeddings of homogeneous spaces G/H into normal varieties; see [LV83] .
A G-action is called horospherical if the isotropy group of any point contains a maximal unipotent subgroup of G. Therefore a homogeneous space G/H is horospherical if and only if H contains a maximal unipotent subgroup; such an H is called a horospherical subgroup of G. It follows from the Bruhat decomposition of G that every horospherical G-homogeneous space is spherical, and thus a general G-orbit of a horospherical G-variety of complexity one has codimension one. We will recall in Section 1.1 how the set of horospherical subgroups of G containing the unipotent radical of B can be described from the set of simple roots of G.
The G-equivariant birational class of a horospherical G-variety X is determined by the invariant field k(X) G and by the isotropy subgroup H of a general point.
Indeed, if r denotes the complexity of the G-variety X, then by [Kno90, Satz 2.2] there exist an r-dimensional variety C and a G-equivariant birational map φ : X Z := C × G/H, where G acts on Z = C × G/H by translation on G/H. The map φ induces field isomorphisms k(X) ≃ Frac (k(C) ⊗ k k(G/H)) and k(C) ≃ k(X) G . If r = 1, then we can assume that C is a smooth projective curve.
This article is structured as follows:
In the first part, we set up our framework by explaining the combinatorial description of normal horospherical G-varieties of complexity one (following Timashev). Let us be more precise. In Section 1.1 we describe the horospherical Ghomogeneous spaces. In Section 1.2 we recall the definition of the scheme of geometric localities Sch G (Z) whose normal separated G-stable open subsets of finite type, also called G-models of Z, are the normal G-varieties G-birational to Z. We also introduce the notion of a chart, which is a B-stable affine open subset of Sch G (Z), and of a germ, which is a (proper) G-stable closed subvariety of Sch G (Z). Then we consider the B-stable divisors on G/H, also called colors (of G/H), and we introduce the set of G-valuations of k(Z). Finally, we define the colored σ-polyhedral divisors in Section 1.3 and explain how to obtain any G-model of Z from a finite collection of such polyhedral divisors.
The results of this paper are stated and proved in the second part. In Section 2.1 we explain how to obtain any simple G-model of Z as the parabolic induction of an affine L-variety, where L ⊂ G is a Levy subgroup. In particular, we obtain an effective construction of any simple G-model of Z. From this, we deduce several criteria to characterize the singularities of simple G-models of Z; see Theorem 2.2 for a criterion for rationality of singularities and Theorems 2.3 and 2.4 for smoothness criteria. As mentioned at the end of Section 2.1, our smoothness criteria are explicit thanks to the works of Pasquier and Batyrev-Moreau. In Section 2.2 we prove the existence of the decoloration morphism for normal horospherical G-varieties of complexity one and give an explicit description of this morphism in terms of germs; see Proposition 2.7 for a precise statement. The decoloration morphism was introduced by Brion for spherical varieties in [Bri91, §3.3] and plays a key-role in our study of normal horospherical G-varieties of complexity one. Until the end of this introduction, we let X be such a variety. In Section 2.3, the heart of this paper, we parametrize the G-stable prime Weil divisors of X and deduce from this a description of the class group of X by generators and relations; see Theorem 2.8 and Corollary 2.9. Then we obtain a criterion of factoriality for X; see Corollary 2.10. Also, we relate the description of stable Cartier divisors obtained by Timashev in [Tim00] to our description of stable Weil divisors; see Corollary 2.13. In Section 2.4 we give an explicit representative of the canonical class of X; see Theorem 2.14. From this, we deduce criteria for X to be Q-Gorenstein or log-terminal respectively; see Corollary 2.15 and Theorem 2.18. Finally, Proposition 2.17 provides an explicit resolution of singularities of X which factors through the decoloration morphism defined in Section 2.2.
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Notation. The base field k is algebraically closed of characteristic zero. An integral separated scheme of finite type over k is called a variety. If X is a variety, then k[X] denotes the coordinate ring of X and k(X) denotes the field of rational functions of X. A point of X is always assumed to be closed. We denote by G a connected simply-connected reductive algebraic group (i.e., a direct product of a torus and a connected simply-connected semisimple group), by B ⊂ G a Borel subgroup, by U = R u (B) the unipotent radical of B, and by T ⊂ B a maximal (algebraic) torus. We denote by G m the multiplicative group over k. A subgroup of G is always a closed subgroup. If H is such a subgroup, then
For an algebraic group K, we denote by
the character group of K. A variety on which K acts (algebraically) is called a Kvariety. An algebra (over k) on which K acts by algebra automorphisms is called a
and k(X) are linear representations of K.
Preliminaries
In this first part, we explain the combinatorial description of normal G-varieties of complexity one as given in [Tim11, §16] and specialized in the horospherical case. Let C be a smooth projective curve, let G/H be a horospherical G-homogeneous space, and let Z = C × G/H; the group G acts on Z by translation on the second factor. The approach of Timashev consists in giving a classification of all the normal G-varieties which are G-birational to Z.
1.1. Horospherical homogeneous spaces. In this section we enunciate a combinatorial description of the horospherical homogeneous spaces; see [Pas08, §2] for details.
Let S be the set of simple roots of G with respect to (T, B). There exists a well-known one-to-one correspondence I → P I between the powerset of S and the set of parabolic subgroups of G containing B; see [Spr98, Theorem 8.4 .3]. Let us assume that the closed subgroup H ⊂ G contains the unipotent radical U of B. Then P = N G (H) is a parabolic subgroup containing B. Therefore, there exists a unique subset I ⊂ S such that P = P I . The quotient algebraic group K := P/H is a torus and M = χ(K) identifies naturally with a sublattice of χ(T ).
The next statement ([Pas08, Proposition 2.4]) explains how the pair (M, I) completely describes the horospherical homogeneous space G/H.
• the set of closed subgroups of G containing U ; and • the set of pairs (M, I), where M is a sublattice of χ(T ) and I is a subset of S such that for every α ∈ I and every m ∈ M , we have m,α = 0 (hereα denotes the coroot of α).
1.2. Models, colors, and valuations. From now on, H is a closed subgroup of G associated with a pair (M, I) as in Proposition 1.1 and P = P I is the parabolic subgroup N G (H). Also, we recall that Z = C × G/H.
1.2.1. We first introduce the scheme of geometric localities as in [Tim11, §12.2]. All varieties which are birational to Z may be glued together into a scheme over k that we denote by Sch(Z). More precisely, the schematic points of Sch(Z) are local rings corresponding to prime ideals of finitely generated subalgebras with quotient field k(Z) and the spectra of those subalgebras define a base of the Zariski topology on Sch(Z) (by identifying prime ideals with associated local rings). Furthermore, the abstract group G acts on the set Sch(Z) via its linear action on k(Z 
, where E α is the Schubert variety of codimension one corresponding to the root α ∈ S \ I. We represent colors as vectors of the lattice N = Hom Z (M, Z) as follows: For the natural action of B on k(G/H), the lattice M = χ(P/H) identifies with the lattice of B-weights of the B-algebra k(G/H). For every (non-zero) B-eigenvector
where v Dα is the valuation associated with D α . The value ̺(D α ) does not depend on the choice of f and coincides with the restriction of the corootα to the lattice M ; see [Pas08, §2] . Denoting by F 0 the set of colors, we obtain a map ̺ : F 0 → N . Let us note that ̺ is not injective in general; for instance, if H = P is a parabolic subgroup, then N = {0} and thus ̺ is constant. Let X be a G-model of Z. A B-divisor of X which is not G-stable is called a color of X. There is a one-to-one correspondence between the set of colors of G/H and the set of colors of X given as follows: X possesses a G-stable open subset of
Let us denote by N Q = Q ⊗ Z N the Q-vector space associated with N . We follow [Tim11, Definition 16.1] and define the set E as the disjoint union of sets {z} × E z , where E z = N Q × Q ≥0 and z ∈ C, modulo the equivalence relation ∼ defined by
Therefore, E is the disjoint union indexed by C of copies of the upper half-space
There is a bijection between the set of G-valuations of k(Z) and the set E , which we now explain. Let A M denote the algebra generated by the B-eigenvectors of k(Z). Since M is a free abelian group, the exact sequence of abelian groups
splits. Let us fix once and for all a (non-canonical) splitting
Then A M admits an M -grading given by
We define a valuation w = w u of A M as follows:
where I is a finite set, the m i are pairwise distinct elements of M , and each f i belongs to k(C) ⋆ . By [Tim11, Corollary 19.13, Theorems 20.3, 21.10], for every u ∈ E , there exists a unique G-valuation of k(Z) such that the restriction to A M is w u . From now on, we will always identify E with the set of G-valuations of k(Z) and N Q as a part of E via the (well-defined) map v → [(·, v, 0)].
1.3. Colored polyhedral divisors. Let M Q = Q ⊗ Z M , then the Q-vector spaces M Q and N Q are dual to each other; we denote the duality by
We recall that a strongly convex polyhedral cone in N Q is a cone generated by a finite number of vectors and which contains no line. 
be a formal sum over the points of C 0 , where each ∆ z is a σ-polyhedron of N Q and ∆ z = σ for all but a finite number of z ∈ C 0 , and let F ⊂ F 0 be a set of colors of G/H such that
• 0 does not belong to ̺(F ); and
We call such a pair (D, F ) a colored σ-polyhedral divisor on C 0 . If σ and F are clear from the context, then we write
denote the dual polyhedral cone of σ. To each m ∈ σ ∨ , we associate a Q-divisor on
where for every z ∈ C 0 we denote by ∆ z (0) the set of vertices of ∆ z .
(ii) To a given D on C 0 we associate the following M -graded normal k-algebra (see [AH06, §3] for details):
where
and ⌊D(m)⌋ is the Weil divisor (with integer coefficients) on C 0 obtained by taking the integer part of each coefficient of
Let us note that each map τ m,m ′ is well-defined since for all m, m ′ ∈ σ ∨ :
(iii) Let w ∈ σ ∨ ∩ M such that A w = {0} and f ∈ A w \ {0}, and let F w be the set of colors defined by the relation
, and
(iv) To ensure that the algebra A[C 0 , D] is finitely generated over k and has Frac A M as field of fractions (we recall that A M denotes the algebra generated by the B-eigenvectors of k(Z)), we now introduce the notion of properness for colored polyhedral divisors following [AH06, §2] . The colored σ-polyhedral divisor (D, F ) is called proper if either C 0 is affine or C 0 = C is projective and satisfies the following conditions:
In the following, σ ⊂ N Q always denotes a strongly convex polyhedral cone and 
The next remark makes the link between the description of [Tim11] and the notions introduced in Definition 1.2. 
where for a discrete G-valuation v of k(Z),
is the corresponding local ring. By [Tim11, Theorem 13.8, §16
.4], A is a normal algebra of finite type over k. Moreover, by [Tim11, Corollary 13.9, §16.4], the B- 
Proof. The subalgebra
is generated by elements of the form f χ m , where f ∈ k(C) ⋆ and m ∈ M , satisfying 
Geometrically, F 1 is the subset of colors of F that contain the germ Y .
1.3.4. In this subsection we consider the general description of the non-necessarily simple G-models of Z. 
is a G-model of Z, and every G-model of Z is obtained in this way. Moreover, the G-model X(Σ) of Z is a complete variety if and only if |Σ| = E , where E is the set of G-valuations (defined in Subsection 1.2.3).
Main results
2.1. Parabolic induction and smoothness criteria. In this section we prove Lemma 2.1 which allows us to construct explicitly any simple G-model of Z as the parabolic induction of an affine L-variety, where L ⊂ G is a Levy subgroup. From this we deduce a criterion (Theorem 2.2) to determine whether the singularities of a simple G-model of Z are rational. Moreover, we obtain smoothness criteria (Theorems 2.3 and 2.4) for simple G-models of Z.
Throughout this section we fix a proper colored
2.1.1. This subsection is inspired by [Tim11, §28] . As before, T denotes a maximal torus of G contained in B. We consider the following set of simple roots
and we denote by P F the parabolic subgroup P I ′ containing B. We choose a Levy subgroup 
As the quotient morphism G → G/P F is locally trivial (for the Zariski topology), we can form the twisted product G × PF X(D L ). The latter is defined as the quotient
)/P F , where P F acts as follows:
See [Jan87, §I.5] for more details on twisted products. 
. By Lemma 2.1, the morphism φ z in turn induces an étale morphism δ z :
. Let γ z be the morphism which makes the diagram
commute, where the bottom arrow is an open embedding. In particular, γ z is an étale morphism. Let us prove (ii) ⇒ (i). Denote by Γ the colored cone (C (D) z , F ), and let X Γ be the corresponding embedding of G m × G/H. Then we have a G ′ -isomorphism
is the parabolic subgroup constructed as in Subsection 2.1.1. By assumption, X Γ is smooth and thus so is X ΓL . This implies that X(D L|U z ) is also smooth. Since Theorem 2.4. With the same notation as before, and assuming that C 0 is projective (i.e., C 0 = C), the following statements are equivalent:
(ii) The curve C is P 1 , the polyhedral divisor D is equivalent to a proper colored polyhedral divisor z∈P 1 ∆ z ·[z] with ∆ z = σ except when z = 0 or ∞, and the simple embedding of the G m × G-homogeneous space G m × G/H associated with the colored cones (C, F ) is smooth, where C is the cone generated by
Proof. Let us prove (i) ⇒ (ii).
Suppose that X = X(D) is smooth. Then by Lemma 2.1 we can assume that X is affine and identify
Moreover, we can assume that σ ∨ is strongly convex; otherwise, there is a non-trivial torus D and a G-variety X ′ such that X ∼ = D × X ′ and then we replace X by X ′ . By Luna's slice theorem (see
is a reductive closed subgroup and V is a F -module. It follows from the proof of Luna's slice theorem that F is in fact the stabilizer of a point of X and thus F is a horospherical subgroup. Since F is reductive and contains a maximal unipotent subgroup of G, it contains the semisimple part of G, and thus G/F is a torus. Now the surjective map
. Since σ ∨ is strongly convex and D is proper, we have k[G/F ] = k and so G = F . Therefore we obtain that X is G-isomorphic to the G-module V . Let us identify X with V and let us denote by γ : G → GL(X) the corresponding homomorphism. If T ⊂ B is a maximal torus, then there exists a maximal torus T ⊂ GL(X) containing γ(T ) and normalizing γ(U ), where U is the unipotent radical of B. Therefore X//U is a toric variety for the action of T. 
where I is the subset of simple roots of G defined in Subsection 1.1, I F = {α ∈ S \ I | D α ∈ F }, W I is the subgroup of the Weyl group W = N G (T )/T generated by the simple reflexions s α (α ∈ I), a α = β∈Φ + \ΦI β,α , Φ + is the set of positive roots with respect to (T, B), and Φ I is the set of roots that are sums of elements of I.
Decoloration morphism.
In this section, we prove the existence of the decoloration morphism for the normal horospherical G-varieties of complexity one; see [Bri91, §3.3] for the spherical case. This will be used several times in a crucial way to prove our statements in the following, and also to construct an explicit resolution of singularities of X(Σ) in Proposition 2.17.
Definition 2.6. Let Σ = {(D i , F i )} i∈J be a colored divisorial fan, then the decoloration of Σ is the colored divisorial fan
A G-model of Z such that there exists a colored fan Σ ′ satisfying X = X(Σ ′ ) and
As a consequence of the description of the germs of a G-model of Z, this notion does not depend on the choice of Σ ′ . Likewise, if
is the colored datum of some germ Y ′ ⊂ X(Σ), then we say that the germ 
Moreover, for every germ Y ⊂ X, the subset π 
and denote 
2.3. Parametrization of the stable prime divisors. In this section, we start by describing in Theorem 2.8 the germs of codimension one of a normal horospherical G-variety of complexity one X. From this, we deduce a description of the class group of X by generators and relations; see Corollary 2.9. Next, we obtain a factoriality criterion for X; see Corollary 2.10. Finally, in Subsection 2.3.4, we relate the description of stable Cartier divisors obtained by Timashev in [Tim00] to our description of stable Weil divisors. 
The set of extremal rays of D, denoted by Ray(D) or Ray(D, F ), consists in extremal rays ρ ⊆ σ such that ρ ∩ ̺(F ) = ∅, and satisfying ρ ∩ deg D = ∅ when C 0 = C. To simplify the notation, we denote by the same letter an extremal ray of a polyhedral cone of N Q and its primitive vector with respect to the lattice N . We also denote
where we recall that N Q naturally identifies with a subset of E ; see Subsection 1.2.3. Theorem 2.8. Let Div(Σ) denote the set of G-divisors of X(Σ). With the notation above, the map
Proof. Without loss of generality, we can suppose that
. By [Tim11, Theorem 16.19 (2)], the maximal germs of X(D) have color data of the form (ρ,
, and v ∈ ∆ z (0). We are going to examine in each case the maximal germs corresponding to G-divisors. We proceed in three steps.
Step 1: We consider the case where X(D) is quasi-toroidal, i.e., F = ∅. 
This parametrization of the G-divisors on X(D) by the set Vert(D) Ray(D) is the one requested.
Step 2: We now consider an arbitrary simple G-model X(D, F ) of Z, and let 
The localization D Step 3: It remains to study the germs of the form D (z,v) X(D, F ). Let us fix a vertex (z, v) ∈ Vert(D), and let us write σ ∨ as a union
The cones σ 
where Q z ′ ⊂ N Q is a polytope for every z ′ ∈ (C 0 ) Corollary 2.9. The class group Cl(X(Σ)) is isomorphic to the abelian group
where D α ⊂ X(Σ) is the color associated with α ∈ S \ I, modulo the relations:
Proof. By [Tim11, Proposition 17.1], every divisor X(Σ) is linearly equivalent to a B-stable divisor. Hence, by Theorem 2.8, we have a surjective homomorphism π Σ from the free abelian group
onto Cl(X(Σ)). The kernel of π Σ is formed by principal divisors associated with the B-eigenvectors of k(X(Σ)), i.e., by elements of the form div(f χ m ) :
where f ∈ k(C) ⋆ and m ∈ M . Let us now consider the surjective homomorphism
where the D i represent the B-divisors on X(Σ). Then one may check that the kernel of this homomorphism is exactly given by the relations stated above.
Example. Returning to the example of the SL 3 -variety
considered in Section 2.2, we can apply Corollary 2.9 to determine the class group of X(D). We obtain that Cl(X(D)) is the abelian group ZD (0, 
Proof. The decoloration morphism induces an isomorphism of varieties 
is the projection. The complement of the union of
As Bx 0 is an affine space, by reiterating several times [Har77, Proposition II.6.6], we obtain
To sum up, we have an exact sequence:
where the first arrow is induced by the surjective homomorphism from the group Γ Σ defined by ( 
If C 0 = C, then θ must satisfy the extra condition:
(ii) We have m := m z = m z ′ , for every z, z ′ ∈ C, and there exists f ∈ k(C)
Let us denote by F Σ the union of all the sets F i , where the (D i , F i ) run over Σ.
A colored integral piecewise linear function on Σ is a pair (θ, (r α )), where θ is a function
is integral linear for every i, j ∈ J, and where (r α ) is a sequence of integers with α running over the set of roots α ∈ S \ I such that D α ∈ F Σ . The pair (θ, (r α )) is called principal if θ satisfies (ii) and r α = m, ̺(D α ) . We denote respectively by PL(Σ) and Prin(Σ) the abelian groups (for the natural additive law) of colored integral piecewise linear functions of Σ and of principal colored integral piecewise linear functions of Σ. If Σ has a single element D, then we will denote PL(D) and Prin(D) instead of PL(Σ) and Prin(Σ) respectively.
As a direct consequence of [Kno94] 
is a B-stable Cartier divisor on X(Σ). More precisely, the map θ → D θ is an isomorphism between the group PL(Σ) and the group of B-stable Cartier divisors on X(Σ), and there is a short exact sequence:
where Pic(X(Σ)) is the Picard group of X(Σ).
2.4.
Canonical class and log-terminal singularities. In this section, we give an explicit representative of the canonical class for X a normal horospherical Gvariety of complexity one; see Theorem 2.14. From this, we deduce a criterion for X to be Q-Gorenstein; see Corollary 2.15. Then we construct an explicit resolution of singularities of X; see Proposition 2.17. Finally, we obtain a criterion to determine whether the singularities of X are log-terminal; see Theorem 2.18. Theorem 2.14. Let Σ be a colored divisorial fan on C. Then with the notation of Subsection 2.3.1 every canonical divisor on X = X(Σ) is linearly equivalent to
+ is the set of positive roots with respect to (T, B), and Φ I is the set of roots that are sums of elements of I.
Proof. Let us consider the union
where Y 0 is the biggest G-stable closed subset contained in the union of all the colors of X and Sing(X) is the singular locus. Then X(Σ ′ ) = X\Y ′ is smooth, quasitoroidal and the set Vert(Σ) Ray(Σ) identifies with the set Vert(Σ ′ ) Ray(Σ ′ ).
Therefore, by Proposition 2.7, we can assume without loss of generality that X = G × P Y (Σ) is smooth and quasi-toroidal. Adapting the argument of the proof of [ST99, Proposition 4.2 c)] to our setting, we obtain an isomorphism of O X -modules
where K G/P is a canonical divisor on G/P given by
is a canonical divisor on Y (Σ) (see the beginning of Subsection 2.3.3 for the notation (i) For every ρ ∈ Ray(Σ), we have θ(·, ρ, 0) = −d.
(ii) There exists a canonical divisor
Proof. It is a straightforward consequence of Corollary 2.13 and Theorem 2.14.
2.4.3. The remainder of this paper is dedicated to the study of log-terminal singularities of a simple G-model of Z.
Let X be a Q-Gorenstein variety, let φ : X ′ → X be a resolution of singularities, and let d ∈ Z >0 such that dK X is Cartier. Then the pull-back φ * (dK X ) is welldefined. The discrepancy of φ is the Q-divisor
The discrepancy of φ does not depend either on the choice of the canonical divisors K X , K X ′ nor on the integer d ∈ Z >0 . We say that X has (purely) log-terminal singularities if each coefficient of
is strictly bigger than −1. The property of having log-terminal singularities does not depend on the choice of the resolution of singularities φ. More generally, if D is a Q-divisor on X such that K X + D is Q-Cartier, then we say that the pair (X, D) is (purely) log-terminal if each coefficient of K X ′ − φ * (K X + D) is strictly bigger than −1.
The next lemma will be useful to prove Theorem 2.18; see [Kol97, §3] for more details about log-terminal singularities and for a proof of the statement. (i) The curve C 0 is affine.
(ii) The curve C 0 is the projective line P 1 and z∈C0 1 − 1 µz < 2, where for every z ∈ C 0 we denote µ z := max{µ(v) | v ∈ ∆ z (0)} and µ(v) := inf{d ∈ Z >0 | dv ∈ N}.
Proof. If C 0 is affine, then by the proof of Theorem 2.3, we obtain that X(D) is covered by étale open subsets of horospherical embeddings. Hence, by [Bri93, Theorem 4 .1], X(D) has log terminal singularities. Therefore, we can assume that C 0 = C is projective. Let us consider a canonical divisor K X as in Theorem 2.14, let d ∈ Z >0 be such that dK X is a Cartier divisor, and let θ ∈ PL(D) such that dK X = D θ . By Corollary 2.13, we know that the restriction of dK X on the open subset where
is a canonical divisor on C. Since C is projective, we have deg (div f ) = 0. Hence, summing over C on both sides gives the equality
As deg D ⊂ σ, we conclude that X(D) has log-terminal singularities if and only if the condition (ii) is satisfied.
